We prove that if a countable discrete group Γ contains an infinite normal subgroup with the relative property (T) (e.g. Γ = SL(2, Z) ⋉ Z 2 , or Γ = H × H ′ with H an infinite Kazhdan group and H ′ arbitrary) and V is a closed subgroup of the group of unitaries of a finite von Neumann algebra (e.g. V countable discrete, or separable compact), then any V-valued measurable cocycle for a Bernoulli Γ-action is cohomologous to a group morphism of Γ into V. We use this result to prove that if in addition Γ has no non-trivial finite normal subgroups, then any orbit equivalence between a Bernoulli Γ-action and a free ergodic measure preserving action of some group Λ is implemented by a conjugacy of the actions, with respect to some group isomorphism Γ ≃ Λ.
Introduction
Bernoulli actions of Kazhdan groups were shown in ( [P2,3] ) to have sharp rigidity properties, to the extent that both the group and the action (up to conjugacy) can be completely recovered from the isomorphism class of the associated group von Neumann algebra. When applied to algebra isomorphisms coming from orbit equivalence (OE) of actions, this entailed new rigidity phenomena in OE ergodic theory, including the following "OE Superrigidity" result (7.6 in [P3] ): If a Bernoulli action σ of an ICC group Γ with the property (T) is orbit equivalent to an arbitrary free ergodic measure preserving action θ of a group Λ on a standard probability space then Γ ≃ Λ and σ is conjugate to θ with respect to the identification Γ ≃ Λ. Thus, while a purely ergodic theoretic statement, this result is derived in ([P3] ) through a genuinely functional analysis (von Neumann algebra) approach.
We present in this paper a new proof to this result, more direct and ergodic theoretic, leading to a much sharper statement, where the group Γ is merely required to contain Supported in part by NSF Grant 0100883.
Typeset by A M S-T E X 1 an infinite normal subgroup H with the relative property (T) of Kazhdan-Margulis and σ a generalized Bernoulli Γ-action, weak mixing on H. We also prove a new superrigidity result for embeddings of equivalence relations given by the orbits of such (σ, Γ), in the spirit of (7.7 in [P3] ). Both results will be straightforward consequences of a very general Cocycle Superrigidity Theorem, showing that if (σ, Γ) satisfies the above conditions (but Γ not necessarily ICC), then any measurable cocycle for σ with values in a discrete group Λ is cohomologous to a group morphism of Γ into Λ. In fact, we will prove this for cocycles with values in arbitrary Polish groups that can be realized as closed subgroups of the unitary group of a finite von Neumann algebra. Countable discrete groups, as well as separable compact groups, satisfy this property, since they can be embedded into their group von Neumann algebra, which is finite.
The idea of using cocycle rigidity to prove OE rigidity results goes back to Zimmer's pioneering work in ([Z2] ). It has been used, in one form or another, in many OE rigidity results obtained so far ([Z2] , [Ge] , [GeGo] , [Fu1, 2] , [MoS1, 2] ), thus strongly motivating the approach in this paper, leading us to seek the suitable cocycle superrigidity result that would give the OE superrigidity in ( [P3] ) as applications.
To state in more details the main results in this paper, we need to recall some definitions and terminology. Thus, if Γ is a discrete group (always assumed infinite countable in this paper) and H ⊂ Γ is an infinite subgroup then H is w-normal (resp. wq-normal) in Γ if there exists a well ordered family of intermediate subgroups {H ı | 0 ≤ ı ≤ } of Γ with H 0 = H, H  = Γ and such that for each 0 < ı ≤  the inclusion H ′ = ∪ n<ı H n ⊂ H ı is normal (resp. H ı is generated by the elements g ∈ Γ with |gH ′ g −1 ∩ H ′ | = ∞) ( [P3,4] ). A subgroup H ⊂ G has the relative property (T) of Kazhdan-Margulis ([M] ) if all unitary representations of Γ that almost contain the trivial representation of Γ must contain the trivial representation of H. We also call such H a rigid subgroup of Γ. The class of groups having infinite wq-normal rigid subgroups is closed to finite index restrictions/extensions, to normal extensions and to operations such as Γ → (Γ * H 0 ) × H 1 where H 0 arbitrary and H 1 infinite group. The class of groups having infinite w-normal rigid subgroups is closed to normal extensions. Infinite property (T) groups and the groups Γ 0 ⋉ Z 2 for Γ 0 ⊂ SL(2, Z) non-amenable are in this latter class by ( [K] , [Bu] ), and so are groups of the form Γ 0 ⋉ Z n , with Γ 0 arithmetic lattice in a classical Lie group and appropriate n ( [Va] , [Fe] ).
A Bernoulli Γ-action is an action of Γ on a probability space (X, µ) = Π g∈Γ (X 0 , µ 0 ) g , with (X 0 , µ 0 ) g identical copies of a standard probability space (X 0 , µ 0 ) and σ g ((t h ) h ) = (t g −1 h ) h , (t h ) h ∈ X. More generally, if Γ acts on some countable set K and we let (X, µ) = Π k∈K (X 0 , µ 0 ) k with Γ acting on (t k ) k ∈ X by σ g ((t k ) k ) = (t g −1 k ) k , then we call σ a generalized Bernoulli Γ-action. Note that Bernoulli actions are always (strongly) mixing, while a generalized Bernoulli action is mixing (resp. weak mixing) iff the stabilizer Γ k of any k ∈ K is finite (resp. Γ k has infinite index in Γ, ∀k ∈ K, equivalently |Γk| = ∞, ∀k).
If σ is a Γ-action on (X, µ) and V a Polish group, then a (right) V-valued measurable cocycle for σ is a measurable map w : X × Γ → V satisfying for each g 1 , g 2 ∈ Γ the identity w(t, g 1 )w(g −1 1 t, g 2 ) = w(t, g 1 g 2 ), ∀t ∈ X (a.e.). (N.B. All results below hold true, of course, for left cocycles as well. We choose to work with right measurable cocycles in this paper because in the von Neumann algebra framework, which is used for the proofs, they become left cocycles.) Two cocycles w, w ′ for σ are cohomologous (or equivalent) if there exists a measurable map u : X → V such that for each g ∈ Γ one has w ′ (t, g) = u(t) −1 w(t, g)u(g −1 t), ∀t ∈ X (a.e.). Note that a cocycle w is independent of the X variable iff it is a group morphism of Γ into V.
A Polish group V is of finite type if it is isomorphic to a closed subgroup of the group of unitary elements U(N ) of a countably generated finite von Neumann algebra N , equivalently a von Neumann algebra N having a faithful normal trace state τ such that N is separable in the Hilbert norm x 2 = τ (x * x) 1/2 , x ∈ N . Countable discrete groups and separable compact groups are of finite type, as they can be embedded as closed subgroups of their group von Neumann algebra ( [MvN1, 2] ). 0.1. Theorem (Cocycle superrigidity). Let σ be a generalized Bernoulli action of a group Γ on the standard probability space (X, µ) and assume Γ has an infinite rigid subgroup H such that either H is w-normal with σ |H mixing, or that H is w-normal with σ |H weak mixing. Let V be a Polish group of finite type. Then any V-valued cocycle for σ is cohomologous to a group morphism of Γ into V. More generally, if σ ′ is an action of the form σ ′ g = σ g × ρ g ∈ Aut(X × Y, µ × ν), g ∈ Γ, where ρ is an arbitrary Γ-action on a standard probability space (Y, ν), then any V-valued cocycle w for σ ′ is cohomologous to a V-valued cocycle w ′ which is independent on the X-variable (i.e. w ′ comes from a cocycle of ρ). 0.2. Corollary. Let Γ be a discrete group having infinite wq-normal rigid subgroups and V a Polish group of finite type. Then any V-valued cocycle for a Bernoulli Γ-action is cohomologous to a group morphism of Γ into V.
For the next result, recall that if θ is an action of a discrete group Λ on a standard probability space (Y, ν) then one denotes by R θ the equivalence relation given by the orbits of θ. More generally, if Y 0 ⊂ Y is a subset of positive measure then R Y 0 θ denotes the equivalence relation on Y 0 given by the intersection of the orbits of θ and the set Y 0 . If σ, θ are actions of the groups Γ, Λ on the probability spaces (X, µ), (Y, ν) (always assumed measurable, measure preserving) and X 0 ⊂ X, Y 0 ⊂ Y are measurable subsets then an isomorphism of equivalence relations ∆ :
θ is an isomorphism of probability spaces ∆ : (X 0 , µ X 0 ) ≃ (Y 0 , ν Y 0 ) which takes the equivalence relation R X 0 σ onto R Y 0 θ . Note that if θ is free ergodic then the isomorphism class of R Y 0 θ , denoted R t θ , only depends on t = µ(Y 0 ) ( [Dy] ). More generally, for t > 0 we denote by R t θ the amplification of R θ by t, i.e. the isomorphism class of the equivalence relation R Y 0 θ ′ where θ ′ is the product action of Λ × (Z/mZ) on Y ′ = Y × (Z/mZ), for some m ≥ t, and Y 0 ⊂ Y ′ is a subset of measure t/m (this is easily seen to only depend on t, up to isomorphism of equivalence relations).
0.3. Theorem (OE superrigidity). Let (σ, Γ) be as in 0.1. and assume in addition that Γ has no nontrivial finite normal subgroups. Let θ be an arbitrary free ergodic measure preserving action of a countable discrete group Λ on a standard probability space (Y, ν). If σ is orbit equivalent to θ then the groups Γ, Λ are isomorphic and σ is conjugate to θ with respect to the isomorphism Γ ≃ Λ. Even more so, if ∆ is an isomorphism of probability spaces which takes R σ onto R t θ , for some t > 0, then t = n −1 for some integer n ≥ 1 and there exist a subgroup
0.4. Theorem (Superrigidity of embeddings). Let (σ, Γ) be as in 0.3. Let θ be an arbitrary free measure preserving action of a countable discrete group Λ on a standard probability space (Y, ν) such that θ is ergodic on any subgroup of Λ which is isomorphic to Γ. (Note that this condition is automatically fulfilled if θ is mixing.)
We mention that the only feature of generalized Bernoulli actions that we actually need for the proofs of the above results is a certain deformation property, introduced in ([P2,3]) and called sub s-malleability. However, while all results hold true for sub smalleable actions, we have no other examples of actions satisfying this property, besides generalized Bernoulli actions.
Part of the results presented in this paper were fist announced at the Conferences "Group actions, rigidity and dynamics", Banff (Canada) July 2005, and "Geometric and probabilistic methods in group theory and dynamical systems" Texas A&M University, November 2005.
Preliminaries
Although we are interested in actions of groups on the probability space, our approach will be functional analytical, using von Neumann algebra framework. This section is intended for readers who are less familiar with this field and its specific techniques. Thus, we'll summarize here some very basic tools in von Neumann algebras such as: the standard representation of a finite von Neumann algebra with a trace; the crossed product (resp. the group measure space construction) of von Neumann algebra starting from an action of a (discrete) group on a finite von Neumann algebra (resp. on probability spaces); von Neumann subalgebras and the basic construction. Although we do not include proofs, basic knowledge in functional analysis and the spectral theorem should be sufficient for the reader to recover the detailed proofs as an exercise.
1.1. Probability spaces as abelian von Neumann algebras. The "classical" measure theoretical approach is equivalent to a "non-classical" operator algebra approach due to a well known observation of von Neumann, showing that measure preserving isomorphisms between standard probability spaces (X, µ) are in natural correspondence with * -algebra isomorphisms between their function algebras L ∞ X = L ∞ (X, µ) preserving the functional given by the integral, τ µ = ·dµ. More precisely:
There are two norms on L ∞ X that are relevant for us in this paper, namely the ess-sup norm · = · ∞ and the norm · 2 . Note that the unit ball (L ∞ X) 1 of L ∞ X (in the norm · ) is complete in the norm · 2 . We will often identify L ∞ X with the von Neumann algebra of (left) multiplication operators L x , x ∈ L ∞ X, where L x (ξ) = xξ, ξ ∈ L 2 X. The identification x → L x is a * -algebra morphism, it is isometric (from L ∞ X with the ess-sup norm into B(L 2 X) with the operatorial norm) and takes the · 2 -toplogy of (L ∞ X) 1 onto the so-topology of the image. Also, the integral τ µ (x) becomes the vector state L x (·1), 1 , x ∈ L ∞ X. Moreover, if T : (X, µ) ≃ (Y, ν) for some other probability space (Y, ν), then ̺ T extends to an (isometric) isomorphism of Hilbert spaces L 2 X ≃ L 2 Y which conjugates the von Neumann algebras
With this in mind, let us denote by Aut(X, µ) the group of (classes modulo null sets of) measure preserving automorphisms T : (X, µ) ≃ (X, µ) of the standard probability space (X, µ). Denote Aut(L ∞ X, τ µ ) the group of * -automorphisms of the von Neumann algebra L ∞ X that preserve the functional τ µ = ·dµ, and identify Aut(X, µ) and Aut(L ∞ X, τ µ ) via the map T → ϑ T described in (1.1.1) above. One immediate benefit of the functional analysis framework and of this identification is that it gives a natural Polish group topology on Aut(X, µ), given by pointwise · 2 -convergence in
An action of a discrete group Γ on the standard probability space (X, µ) is a group morphism σ : Γ → Aut(X, µ). Using the identification between Aut(X, µ) and Aut(L ∞ X, τ µ ), we alternatively view σ as an action of Γ on (L ∞ X, τ µ ), i.e as a group morphism σ : Γ → Aut(L ∞ X, τ µ ). Although we use the same notation for both actions, the difference will be clear from the context. Furthermore, when viewing σ as an action on the probability space (X, µ), we'll use the simplified notation σ g (t) = gt, for g ∈ Γ, t ∈ X. The relation between σ as an action on (X, µ) and respectively on (L ∞ X, τ µ ) is then given by the equations σ g (x)(t) = x(g −1 t), ∀t ∈ X (a.e.), which hold true for each g ∈ Γ, x ∈ L ∞ X.
Two actions σ : Γ → Aut(X, µ ) , θ : Λ → Aut(Y, ν), are conjugate if there exists an isomorphism of probability spaces ∆ :
In other words, if there exists an isomorphism of groups δ : Γ ≃ Λ such that ∆ • σ g = θ δ(g) • ∆, ∀g ∈ Γ.
Finite von Neumann algebras.
When viewed as an abelian von Neumann algebra with its integral functional, the natural generalization of a probability space is a von Neumann algebra N with a linear functional τ : N → C satisfying the conditions:
The representation of L ∞ X as an algebra of left multiplication operators on L 2 X generalizes to this non-commutative setting as follows: Denote by L 2 N = L 2 (N, τ ) the completion of N in the norm · 2 . Then each element x ∈ N defines an operator of left multiplication L x on L 2 N , by L x (ξ) = xξ, ξ ∈ L 2 N . The map N ∋ x → L x ∈ B(L 2 X) is clearly a * -algebra morphism. Due to the faithfulness of τ , it preserves the opratorial norm on N , with the normality of τ insuring that the image L N = {L x | x ∈ N } is weakly closed in B(L 2 X), i.e. L N is a von Neumann algebra. It can be easily shown that the commutant L ′ N of L N in B(L 2 N ) is equal to the algebra R N of operators of right multiplication by elements in N , and conversely R ′ N = L N . Also, by the definition, we have x1, 1 = τ (x). We will always identify N with its image L N ⊂ B(L 2 N ) and call this the standard representation of (N, τ ).
Note that if (N, τ ) = (L ∞ X, τ µ ) then L 2 (N, τ ) coincides with the Hilbert space L 2 X of square integrable functions on (X, µ). In this case ξ ∈ L 2 X can be viewed as the closed (densely defined) operator of (left) multiplication by ξ, whose spectral resolution lies in L ∞ X.
When (N, τ ) is an arbitrary finite von Neumann algebra one can in fact still interpret the elements in L 2 N as closed linear operators on L 2 N , as follows: For each ξ ∈ L 2 N let L 0 ξ be the linear operator with domainN defined by L ξ (x) = ξx, x ∈ N . This operator extends to a unique closed operator L ξ which commutes with R N , equivalently its polar decomposition L ξ = u|L ξ | has both the partial isometry u and the spectral resolution {e s } s>0 of |L ξ | = (L * ξ L ξ ) 1/2 lying in N . Closed operators satisfying this property are said to be affiliated with N . In addition, L ξ is square integrable, i.e. τ (L * ξ L ξ ) def = s 2 dτ (e s ) = L ξ (1) 2 2 = ξ 2 2 < ∞ Noticing that L ξ (1) = ξ, it follows that ξ → L ξ gives a 1 to 1 correspondence between L 2 N and the space of square integrable operators affiliated with N . We will always view elements of L 2 N in this manner.
If ξ, η ∈ L 2 N then their product (composition) as closed operators ξ · η is also a densely defined operator affiliated with N , i.e. it is of the form ub with u partial isometry in N and b = |ξη| a positive operator with spectral resolution {e s } s>0 in N and τ (b) def = sdτ (e s ) < ∞. We denote by L 1 N the set of all such operators, which is easily seen to be a Banach space when endowed with the norm ub 1 = τ (b). Also, it has L 2 N ⊃N as dense subspaces. Any ζ = η * · ξ ∈ L 1 (M, τ ) defines a functional on M by τ (ζx) def = xξ, η , x ∈ M , which is positive iff ζ ≥ 0 as an operator. The norm of ζ as a functional on M coincides with ζ 1 and in fact, as a space of functionals on
1.3. Actions of groups and crossed product algebras. Like in the commutative case, we denote by Aut(N, τ ) the group of automorphisms of the finite von Neumann algebra (N, τ ) (i.e. the τ -preserving * -algebra isomorphisms of N ) onto N , and endow it with the Polish group topology given by point-wise · 2 -convergence. Note that any ̺ ∈ Aut(N, τ ) preserves the Hilbert norm · 2 and thus extends to a unitary operator on L 2 (N, τ ) which, if no confusion is possible, will still be denoted ̺.
Given a discrete group Γ, an action σ of Γ on (N, τ ) is a group morphism σ : Γ → Aut(N, τ ). Since any σ g extends to a unitary operator on L 2 (N, τ ), σ extends to a unitary representation of Γ on the L 2 (N, τ ), still denoted σ.
A key tool in the study of actions is the crossed product construction, which associates to (σ, Γ) the von Neumann algebra N ⋊ σ Γ generated on the Hilbert space H = L 2 (N, τ )⊗ℓ 2 (Γ) by a copy of the algebra N , acting on H by left multiplication on L 2 (N, τ ), and a copy of the group Γ, acting on H as the operators u g = σ g ⊗ λ g , where σ g , g ∈ Γ, is viewed here as unitary representation. In fact, {u g } g is easily seen to be a multiple of left regular representation. In case (N, τ ) = (L ∞ X, µ) with σ coming from an action of Γ on (X, µ), this amounts to Murray-von Neumann's group measure space construction ([MvN1] ).
The following more concrete description of M = N ⋊ σ Γ and its standard representation is quite useful: Identify H = L 2 (N, τ )⊗ℓ 2 (Γ) with the Hilbert space of ℓ 2 -summable formal sums Σ g ξ g u g , with "coefficients" ξ g in L 2 (N, τ ) and "undeterminates" {u g } g labeled by the elements of the group Γ. Define a * -operation on H by (Σ g ξ g u g ) * = Σ g σ g (ξ * g −1 )u g and let both N and the u g 's act on H by left multiplication, subject to the product rules y(ξu g ) = (yξ)u g , u g (ξu h ) = σ g (ξ)u gh , ∀g, h ∈ G, y ∈ N , ξ ∈ L 2 (N, τ ). In fact, given any ξ = Σ g ξ g u g , ζ = Σ h ζ h u h ∈ H one can define the product ξ · ζ as the formal sum Σ k η k u k with coefficients η k = Σ g ξ g ζ g −1 k , the sum being absolutely convergent in the norm · 1 with uniform estimate η k 1 ≤ ξ 2 ζ 2 , ∀k ∈ Γ, by the Cauchy-Schwartz inequality.
ξ ∈ H is a convolver if ξζ ∈ H (i.e. ζ k ∈ L 2 N and Σ k ζ k 2 2 < ∞) for all ζ ∈ H, and M is the algebra of all left multiplication operators ζ → ξ · ζ by convolvers ξ. Its commutant in B(H) is the algebra of all right multiplication operators ζ → ζξ by convolvers ξ. If T ∈ M then ξ = T (1) ∈ H is a convolver and T is the operator of left multiplication by ξ, with T * corresponding to the left multiplication by ξ * . The left multiplication by convolvers supported on N = N u e give rise to the (multiple of the) standard representation of N , while the left multiplication by the convolvers {u g } g give rise to the copy of the left regular representation of Γ. The trace τ on N extends to all N ⋊ σ G by τ (Σ g y g u g ) = τ (y e ) = ξ, 1 = ξ · 1, 1 , where ξ = Σ g y g u g . The Hilbert space H naturally identifies with L 2 (M, τ ), with M as a subspace of L 2 M identifying with the set of convolvers and the standard representation of M as left multiplication by convolvers.
1.4. von Neumann subalgebras and the basic construction. If (Q, τ ) is a finite von Neumann algebra then a * -subalgebra N ⊂ Q closed in the weak operator topology (equivalently, (Q) 1 closed in · 2 ) and with the same unit as Q is called a von Neumann subalgebra of Q. The restriction of functional from Q to N implements a positive Q-bimodular projection of L 1 (Q, τ ) onto L 1 (N, τ |N ) (Radon-Nykodim type theorem), whose restriction to Q gives the (unique) τ -preserving conditional expectation of N onto B, denoted E N . Restricted to L 2 Q it implements the orthogonal projection of L 2 Q onto L 2 N , denoted e N . Identifying Q = L Q ⊂ B(L 2 Q) gives e N xe N = E N (x)e N , x ∈ Q.
We denote by Q, e N the von Neumann algebra generated in B(L 2 Q) by Q = L Q and e N . Since e N xe N = E N (x)e N , ∀x ∈ Q, and ∨{x(e N (L 2 (Q))) | x ∈ Q} = L 2 Q, it follows that spQe N Q is a *-algebra with support equal to 1 in B(L 2 Q). Thus, Q, e N = sp w {xe N y | x, y ∈ Q}. Also e N Q, e N e N = N e N implying that Q, e N is a semifinite von Neumann algebra. This is called the (Jones) basic construction for the inclusion N ⊂ Q, with e N its Jones projection ([J]).
We endow Q, e N with a densely defined trace T r by T r(Σ i x i e N y i ) = Σ i τ (x i y i ), for x i , y i finite sets of elements in Q. We denote by L 2 ( Q, e N , T r) the completion of spQe N Q in the norm x 2,T r = T r(x * x) 1/2 , x ∈ spQe N Q. Exactly as in the case of finite von Neumann algebras with a trace, Q, e N acts (as a von Neumann algebra) on L 2 ( Q, e N , T r) by left multiplication, and we call this the standard representation of ( Q, e N , T r). Also, like in the finite case, the elements in L 2 ( Q, e N , T r) can be viewed as square summable (with respect to the semifinite trace T r) operators affiliated with Q, e N , i.e. as closed operators in T ∈ B(L 2 ( Q, e N , T r)) whose polar decomposition T = u|T | has the partial isomtery u and the spectral resolution e s , s > 0, of |T | lying in Q, e N and satisfying T r(T * T ) def = s 2 dT r(e s ) < ∞. The space L 1 ( Q, e N , T r) is defined similarly and for an operator T affiliated with Q, e N we have T ∈ L 2 ( Q, e N , T r) iff T * T ∈ L 1 ( Q, e N , T r), like in the finite case.
Any Hilbert subspaces of L 2 Q which is invariant under multiplication to the right by elements in N is a right Hilbert N -module. If H ⊂ L 2 Q is a Hilbert subspace and f is the orthogonal projection onto H then
A simple maximality argument shows that any left Hilbert B-module H ⊂ L 2 Q has an orthonormal basis (see [P6] for all this).
Moreover, since it preserves T r, σ N extends to a representation of Γ on the Hilbert space L 2 ( Q, e N , T r).
Some generalities on cocycles
2.1. Definition. Let σ be an action of a countable discrete group Γ on a standard probability space (X, µ) and V a separable Polish group. A (right) measurable 1-cocycle for σ with values in V is a measurable map w : X × Γ → V with the property that for all g 1 , g 2 ∈ Γ the equation
We then write w ′ ∼ w. We denote by Z 1 (σ; V) the set of V-valued cocycles for σ.
Untwisting a cocycle w means showing it is equivalent to a cocycle which is independent on t ∈ X (in the a.e. sense). It is immediate to see that such cocycles correspond precisely to group morphisms of Γ into V: If φ : Γ → V is a group morphism and we define w φ : Γ × X → V by w φ (t, g) = φ(g), ∀t, then w φ is a cocycle; and conversely, if a cocycle w : X × Γ → V is so that for each g ∈ Γ the map t → w(t, g) is constant in t ∈ X (a.e.), then there exists a unique group morphism φ : Γ → V such that w = w φ . We denote by Z 1 0 (Γ; V) the subset of cocycles in Z 1 (Γ; V) which are equivalent to group morphisms.
We only study in this paper cocycles with values in a Polish group which is isomorphic to a closed subgroup of the group U(H) of unitaries acting on a separable Hilbert space H (the latter endowed with the usual Polish group structure given by the s * -topology). Such cocycles are of particular interest because they can be interpreted in operator algebra framework, as elements of the von Neumann algebra of bounded measurable functions on X with values in U(H). Even more so, such cocycles will become (left) cocycles for a certain action of Γ on a von Neumann algebra. To explain this in details, we need some notations and general considerations.
is a separable complete metric space with finite diameter and (X, µ) a standard probability space, then we denote by Y X the set of classes (modulo null sets) of measurable functions on X with values in Y. We endow this set with the metric given by the L 2 -norm of the distance function, i.e
is clearly a complete metric space, which is separable whenever Y is separable. This follows immediately by approximating elements in Y X by step functions. Since such approximation will be used repeatedly in this paper, we mention it as a lemma. Its proof is standard and is thus omitted:
For any ε > 0 there exist a finite partition X 0 , X 1 , ..., X n of X and elements
Let now B be a von Neumann algebra acting on the separable Hilbert space H. Note that if (B) 1 denotes the unit ball of B (with respect to the operatorial norm · on B) then the Borel structures on (B) 1 corresponding to the w, s and s * topologies coincide (see e.g. []). Thus, if we equip (B) 1 with either of these topologies and choose a Borel structure on X, then the Borel functions on X with values in (B) 1 will be the same. We denote by L ∞ (X; B) the corresponding set of classes (modulo null sets) of (essentially) bounded µ-measurable functions on X with values in B. It has a natural * -algebra structure given by point addition, multiplication and * -operation, and a C *norm given by the ess-sup norm. This algebra acts in an obvious way on the Hilbert space L 2 (X; H) of square integrable functions on X with values in H, as a von Neumann algebra.
There is a natural spatial isomorphism between the von Neumann algebra L ∞ (X; B) acting this way on L 2 (X; H) and the tensor product von Neumann algebra L ∞ (X, µ)⊗B acting on L 2 X⊗H, which sends a step function f :
Notice now that any embedding of a separable Polish group V as a closed subgroup of U(B) implements an embedding of V X as a closed subgroup of the unitary group of the von Neumann algebra L ∞ (X; B), and thus of the unitary group of L ∞ X⊗B. By 2.2, when regarded as a subgroup of U(L ∞ X⊗B), V X is the closure in the s * -topology of the group of unitaries of the form
Notice also that if V is countable discrete, then any measurable map f : X → V is given by a partition {Y g } g of X into a countable family of measurable sets such that
be an action of a countable discrete group Γ on (X, µ). We still denote by σ : Γ → Aut(L ∞ X, τ µ ) the action it implements on L ∞ X, as well as the B-amplification of σ, i.e. the action of Γ on L ∞ X⊗B given by σ g ⊗id B , g ∈ Γ. If w : X ×Γ → V is a measurable map and we denote w g = w(·, g) ∈ V X , g ∈ Γ, with V X viewed as a closed subgroup of the unitary group of L ∞ (X; B) = L ∞ X⊗B as explained above, then conditions (2.1.1), (2.1.2) translate into properties of w g as follows:
Trivial by the definitions.
2.4. Definition. Let Γ be a discrete group, N a von Neumann algebra and σ : G → Aut(N ) an action of Γ on N (i.e. a group morphism of Γ into the group of automorphisms Aut(N ) of the von Neumann algebra N ). A cocycle for σ is a map w : G → U(N ) satisfying equations (2.3.1) above. Two cocycles w, w ′ for σ are cohomologous (or equivalent) if there exists u ∈ U(N ) such that (2.3.2) above holds true. More generally, a local cocycle for σ is a map w on Γ with values in the set of partial isometries of N satisfying w g σ g (w h ) = w gh , ∀g, h ∈ Γ. It is easy to see that if w is such a local cocycle, then p = w e is a projection and for each g ∈ Γ the element w g belongs to the set U(pN σ g (p)) of partial isometries with left support p and right support σ g (p).
With this terminology, Lemma 2.3 shows that a measurable map w : X × Γ → U(B) is a cocycle for an action σ of Γ on the probability space (X, µ) if and only if w g = w(·, g), g ∈ Γ, is a cocycle for the amplified action σ g ⊗ id B of Γ on the algebra L ∞ (X; B) = L ∞ X⊗B. Also, equivalence of measurable cocycles w, w ′ for σ corresponds to their equivalence as algebra cocycles for σ ⊗ id B .
In the rest of the paper, we will in fact concentrate on measurable cocycles with values in the following class of Polish groups: 2.5. Definition. A Polish group V is of finite type if it is isomorphic (as a Polish group) to a closed subgroup of the group of unitary elements of a separable (equivalently countably generated) finite von Neumann algebra. We denote by U f in the class of all such groups.
2.6. Lemma. Let V be a Polish group. The following conditions are equivalent:
(ii). V is isomorphic to a closed subgroup of the group of unitary elements U(Q) of a separable type II 1 factor Q.
(iii). V is isomorphic to a closed subgroup V ⊂ U(H) of the group of unitary operators on a separable Hilbert space H such that there exists ξ ∈ H, ξ = 0, with the properties: factor. By ([P7] ) Q is a (separable) II 1 factor and since V is a closed in U(B), it is closed in U(Q) ⊃ U(B) as well.
(ii) ⇒ (iii). If V ⊂ U(Q) for a separable II 1 factor (Q, τ ) and H = L 2 (Q, τ ) is the standard representation of Q, then ξ =1 is a trace vector for U(Q), thus for V ⊂ U(Q) as well, and one has spV ′ ξ ⊃ spQ ′ ξ = H, showing that both conditions (a), (b) of (i) are satisfied.
The next result provides some easy examples:
Proof. In both cases (V discrete, or V separable compact), the group von Neumann algebra LV of V is finite and has a normal faithful trace state (see e.g. [D] ). Since V embeds into the unitary group of LV as the (closed) group of canonical unitaries {u g } g∈V , it is of finite type by 2.6.
If V n is a closed subgroup in U(B n ), for some finite von Neumann algebra B n with normal faithful trace state τ n , n ≥ 1, and we let (B, τ ) be given by
The last part is trivial, since V closed in U(B) implies V X closed in the unitary group of the (separable) finite von Neumann algebra L ∞ (X, µ)⊗B.
2.8. Notation. If σ is an action of a discrete group Γ on a finite von Neumann algebra (Q, τ ) then we denote by Z 1 (σ) the set of cocycles for σ. Note that if N ⊂ Q is a von Neumann algebra such that σ g (N ) = N, ∀g ∈ Γ, and we denote ρ g = σ g|N the restriction of σ to N , then we have a natural embedding Z 1 (ρ) ⊂ Z 1 (σ). This embedding is in general not compatible with the equivalence of cocycles, i.e. two cocycles in Z 1 (ρ) may be equivalent as cocycles in Z 1 (σ) without being equivalent in Z 1 (ρ). However, mixing properties of σ can entail the compatibility of the two equivalence relations. The following concept is relevant in this respect:
2.9. Definition. Let (Q, τ ) be a finite von Neumann algebra and N ⊂ Q a von Neumann subalgebra. Let σ : Γ → Aut(Q, τ ) be an action of a discrete group Γ on (Q, τ ) that leaves N globally invariant. The action σ is weak mixing (resp. mixing)
To give alternative characterizations of this property, recall some totations from 1.4. Thus, let N ⊂ Q ⊂ Q, e N be the basic construction for N ⊂ Q, T r the canonical trace on Q, e N and σ N the action of Γ on ( Q, e N , T r) given by σ N (g)(xey) = σ(x)eσ(y), x, y ∈ Q.
2.10. Lemma. The following conditions are equivalent:
(iii). Any ξ ∈ L 2 ( Q, e , T r) fixed by σ N are in the subspace L 2 (e Q, e e, T r) = L 2 (N e).
Moreover, if (Q, τ ) = (P ⊗N, τ P ⊗ τ N ) and σ leaves both N = 1 ⊗ N and P = P ⊗ 1 globally invariant, then σ is weak mixing (resp. mixing) relative to N if and only if σ |P is weak mixing (resp. mixing). Also, if σ |P is weak mixing then any fixed point of σ lies in N .
To prove that all fixed points of σ N as an action on L 2 ( Q, e , T r) are under e it is sufficient to prove that any projection
Taking ε < 1, this shows that f = 0, a contradiction. Thus, f ≤ e, finishing the proof of (ii) ⇒ (i).
(i) ⇒ (ii) is trivial. To prove that (iii) ⇒ (i), assume by contradiction that there exists a finite subset
, the closure being in the weak topology on the Hilbert space. Let b 0 ∈ K be the unique element of minimal norm · 2,T r . Noticing that σ N g (K) 
To prove that last part of the statement, notice first that if σ |P is not weak mixing then it has an invariant finite dimensional subspace
It is also finite and satisfies f e = 0, showing that σ is not weak mixing relative to N (by the equivalence of (i) and (iii)).
Conversely, if σ |P is weak mixing then any orthonormal basis {1} ∪ {ξ i } of L 2 P is an orthonormal basis of Q over N and condition (ii) above is clearly satisfied. By the equivalence of (ii) and (i), it follows that σ is weak mixing relative to N . Now if σ |P is weak mixing and x ∈ P ⊗N is fixed by σ then xex * is fixed by σ N and, since σ is weak mixing relative to N = 1 ⊗ N , by (iii) it follows that xex * ∈ N e, i.e. x ∈ N . .
Note that if N = C then Definition 2.8 amounts to σ being weak mixing and (i) ⇔ (iii) amounts to the characterization of this property stating that the only invariant finite dimensional vector subspace of L 2 N is C.
2.11. Lemma. Let σ, ρ be actions of the discrete group Γ on finite von Neumann algebras (P, τ ), (N τ ) and w a cocycle for the diagonal product action σ g ⊗ ρ g , g ∈ Γ, on (P ⊗N, τ ). Let (P ′ , τ ′ ) be a finite von Neumann algebra containing (P, τ ) and σ ′ an extension of σ to an action of Γ on (P ′ , τ ′ ) such that σ ′ is weak mixing relative to P . Let w : Γ → U(P ⊗N ) be a cocycle for the diagonal action σ g ⊗ ρ g , g ∈ Γ. If
Proof. If we consider the basic construction P ⊗N ⊂ P ′ ⊗N ⊂ P ′ ⊗N, e and denote by λ g = σ ′ g ⊗ (Adw ′ g • ρ g ) then λ g (vP ⊗N ) = vP ⊗N , ∀g. But by 2.10, σ ′ weak mixing relative to P implies λ weak mixing relative to P ⊗N , so by 2.10 again we have v ∈ P ⊗N .
We end this section with a result showing that the equivalence class of a cocycle for an action of a group on a finite von Neumann algebra is closed in the topology of uniform · 2 -convergence. We also show that if two cocycles are cohomologous then any partial isometry giving a "partial equivalence" can be extended to a unitary element that implements an actual equivalence.
2.12. Lemma. Let w, w ′ be cocycles for the action σ of a group Γ on a finite von Neumann algebra (Q, τ ).
Proof. 1 • . Note first that if we let π g (ξ) = w ′ g σ g (ξ)w * g , for each g ∈ Γ, ξ ∈ L 2 Q, then π g are unitary elements and g → π g is a unitary representation of Γ on L 2 Q. Indeed, this is an immediate consequence of the cocycle relation (2.4.1).
Let K = co w {w ′ g w * g | g ∈ Γ}, the closure being in the weak topology on the Hilbert space L 2 Q. Note that K is actually contained in Q, more precisely y ≤ 1, ∀y ∈ K.
In particular K is bounded in the norm · 2 , so it is compact in the weak topology. Also, since w ′ g w * g − 1 2 = w ′ g − w g 2 , ∀g ∈ Γ, by taking convex combinations and weak closure we get y − 1 2 ≤ δ, ∀y ∈ K. Let y 0 ∈ K be the unique element of minimal norm-· 2 . Noticing that π g (K) = K and π g (ξ) 2 = ξ 2 , ∀g ∈ Γ, ξ ∈ L 2 Q, by the uniqueness of y 0 it follows that w ′ g σ g (y 0 )w * g = π g (y 0 ) = y 0 , ∀g ∈ Γ. Thus w ′ g σ g (y 0 ) = y 0 w g , ∀g ∈ Γ. In addition, y 0 ∈ K implies y 0 − 1 2 ≤ δ. But then the partial isometry v in the polar decomposition of y 0 also satisfies w ′ g σ g (v) = vw g , ∀g ∈ Γ, while by ([C1]) we have v − 1 2 ≤ 4δ 1/2 . 2 • . For the proof of this part and part 3 • below, we use Connes' "2 by 2 matrix trick" ([C1]). Thus, letσ be the action of Γ onQ = M 2×2 (Q) = Q ⊗ M 2×2 (C) given byσ g = σ g ⊗ id. If {e ij | 1 ≤ i, j ≤ 2} is a matrix unit for M 2×2 (C) ⊂Q, theñ w g = w g e 11 + w ′ g e 22 is a cocycle forσ. If B ⊂Q denotes the fixed point algebra of the action Adw g •σ, then e 11 , e 22 ∈ B and the existence of a unitary element u ∈ Q intertwining w, w ′ is equivalent to the fact that e 11 , e 22 are equivalent projections in B. Moreover, any partial isometry v ∈ Q satisfying w g σ g (v) = vw ′ g , ∀g ∈ Γ, gives a partial isometry v ⊗ e 12 in B with left, right supports given by vv * ⊗ e 11 , v * v ⊗ e 22 .
Thus, by part 1 • and the hypothesis, there exist partial isometries v n ∈ B such that v * n v n ≤ e 11 , v n v * n ≤ e 22 and v n v * n − e 11 2 = v * n v n − e 22 2 → 0. But this implies e 11 , e 22 are equivalent in B (for instance, because they have the same central trace in B).
3 • . Since w, w ′ are equivalent, the projections e 11 , e 22 are equivalent in B. On the other hand, if v satisfies the given condition, thenṽ = v ⊗e 12 ∈ B andṽṽ * ≤ e 11 ,ṽ * ṽ ≤ e 22 . This implies the projections e 11 −ṽṽ * and e 22 −ṽ * ṽ are equivalent in B, say by a partial isometryṽ ′ = v ′ ⊗ e 12 . Then u = v ′ + v clearly satisfies the condition.
Techniques for untwisting cocycles
Let σ be an action of a countable discrete group Γ on the standard probability space (X, µ). Denote byσ the associated double action of Γ on (X × X, µ × µ), given by the diagonal product σ g (t 1 , t 2 ) = (gt 1 , gt 2 ), t 1 , t 2 ∈ X.
3.1. Theorem. Assume σ is weakly mixing and let ρ be another action of Γ on a standard probability space (Y, ν) .
Denote by w l , w r the cocycles for the diagonal product actionσ × ρ defined by w l (t 1 , t 2 , s, g) = w(t 1 , s, g), w r (t 1 , t 2 , s, g) = w(t 2 , s, g), g ∈ Γ, t 1 , t 2 ∈ X, s ∈ Y . Assume there exists some separable finite von Neumann algebra (N, τ ) such that V can be realized as a closed subgroup of U(N ) and such that w l ∼ w r as U(N )-valued cocycles forσ × ρ. Then w is equivalent to a V-valued cocycle which is independent on the X-variable.
Conversely
Theorem 3.1 holds in fact true under more general assumptions. To state the result, we need some notations. Thus, let σ : Γ → Aut(P, τ P ) be an action of a discrete group Γ on a finite von Neumann algebra (P, τ P ). We assume there exists an extension of σ to an actionσ of Γ to a larger finite von Neumann algebra (P ,τ ), with the property that there exists α 1 ∈ Aut(P ,τ ) commuting with the actionσ and satisfying the properties:
(3.2.0.a) sp w P α 1 (P ) =P ,τ (xα 1 (y)) = τ (x)τ (y), ∀x, y ∈ P.
Let (N, τ N ) be another finite von Neumann algebra and ρ an action of Γ on (N, τ ). Denote byσ ′ the "diagonal product" action of Γ on (P ⊗N, τ ), given byσ ′ g =σ g ⊗ ρ g , g ∈ Γ. Notice that the restriction to P ⊗N ofσ ′ gives the action σ
Note that [α 1 ,σ] = 0 implies [α 1 ,σ ′ ] = 0 (as usual, we still denote by α 1 the amplifications α 1 ⊗ id N ). Thus, α 1 extends to an automorphism α 1 ofM , by α 1 (( 
The inclusion M ⊂M and the automorphism α 1 ofM implement a M − M Hilbert bimodule structure on L 2 (M ), by
which restricted to P ⊗N implements a P ⊗N bimodule structure on L 2 (P ⊗N ). With these notations at hand, we have:
3.2. Proposition. Let w : Γ → U(P ⊗N ) be a 1-cocycle for σ ′ , which we also view as a cocycle forσ ′ . Assume the action σ of Γ on P is weakly mixing. If there exists
To prove this result we need some further considerations. With the notations introduced above, note that
gives a representation of Γ on the Hilbert space L 2 (M ). Hence, if {w g } g ⊂ U(P ⊗N ) is a 1-cocycle for σ ′ and we apply this observation to v g = w g u g then ξ → w g Ad(ũ g )(ξ)α 1 (w * g ), ξ ∈ L 2 (M ), gives a representationσ ′ w of Γ on L 2 (M ). This representation clearly leaves L 2 (P ⊗N ) invariant, acting on it by
We will now identify the representationσ ′ w in a different way. Namely, we let N = 1 ⊗ N ⊂ P ⊗N e 0 ⊂ P ⊗N, e 0 be the Jones basic construction for the inclusion N ⊂ P ⊗N , where e 0 denotes the Jones projection implementing the trace preserving conditional expectation E N of P ⊗N onto N . We then denote by T r the canonical trace on P ⊗N, e 0 and let σ ′ N be the action of Γ on ( P ⊗N, e 0 , T r) given by σ ′ N (g)(z 1 e 0 z 2 ) = σ ′ g (z 1 )e 0 σ ′ g (z 2 ). We also denote
, g ∈ Γ defines a T r-preserving automorphism of the semifinite von Neumann algebra P ⊗N, e 0 . The map g → σ ′ N w (g) gives an action of Γ on ( P ⊗N, e 0 , T r), thus also a representation of Γ on the Hilbert space L 2 ( P ⊗N, e 0 , T r). Moreover, the map x 1 α 1 (x 2 ) ⊗ y → (x 1 ⊗ 1)(ye)(x 2 ⊗ 1) extends to an isomorphism ϑ 0 from the Hilbert space L 2 (P ⊗N ) onto the Hilbert space L 2 ( P ⊗N, e 0 , T r) which intertwines the representationsσ ′ w , σ ′ N w . Also, ϑ 0 intertwines the left P ⊗N -module structures on these Hilbert spaces.
While this lemma can be easily given a proof by direct computation, we prefer to derive it as a consequence of a more general result, which has the advantage of giving a clear conceptual explanation of the equivalence of representations in 3.3. More precisely, we will identify ϑ 0 as the restriction to a subspace of an isomorphism of Hilbert Mbimodules.
To do this, note that the von Neumann algebra generated in M by N = 1 ⊗ N and 3.4. Lemma. The map ϑ which takes (x 1 α 1 (x 2 )⊗y)ũ g onto x 1 (yu g )eσ −1 g (x 2 ), x 1 , x 2 ∈ P, y ∈ N, g ∈ Γ, extends to a well defined isomorphism between the Hilbert M -bimodules
Proof. Note first that ϑ is consistent with the M -bimodule structures on the two Hilbert spaces. Thus, in order to prove the statement it is sufficient to show that ϑ preserves the scalar product. Let x 1 , x 2 , x ′ 1 , x ′ 2 ∈ P , y, y ′ ∈ N , g, g ′ ∈ Γ. By the definition of the scalar product inM and (3.2.0.a), we have:
On the other hand, by the definition of the scalar product in L 2 ( M, e , T r) we have
This shows that ϑ preserves the scalar product, thus finishing the proof.
Proof of 3.3. We use the notations of 3.4. Since the Jones projection e implements the trace preserving expectation of M onto N ⋊ ρ Γ, it also implements the trace preserving expectation of P ⊗N onto N = 1⊗N . Moreover, since spP (N ⋊Γ) is dense in L 2 (M ), it follows that the weakly closed * algebra generated by P ⊗N and e in M, e has the same unit as M, e and is isomorphic to the von Neumann algebra P ⊗N, e 0 of the basic construction for N ⊂ P ⊗N , with the canonical trace T r on P ⊗N, e 0 corresponding to the restriction to P ⊗N, e def = sp w (P ⊗N )e(P ⊗N ) of the canonical trace of M, e . In other words we have a non-degenerate commuting square of inclusions ( [P6] ):
Thus, we can view L 2 ( P ⊗N, e , T r) as a Hilbert subspace of L 2 ( M, e , T r). By the definitions, ϑ 0 clearly coincides with the restriction of ϑ toP ⊗N . The statement follows then by noticing that, by Lemma 3.4, for g ∈ Γ and ξ ∈P ⊗N we have
Proof of 3.2. By Lemma 3.3, ξ = ϑ 0 (b) ∈ L 2 ( P ⊗N, e , T r) is a nonzero element which is fixed by σ ′ N w (g), ∀g ∈ Γ. Moreover, since it preserves the trace T r, the action σ ′ N w of Γ on the semifinite von Neumann algebra ( P ⊗N, e , T r) induces actions of Γ on all L p -spaces associated with ( P ⊗N, e , T r), being multiplicative whenever a product of elements in such spaces is well defined. This implies that if η = η * is say in L 1 ( P ⊗N, e , T r) and is fixed by σ ′ N w then all its spectral projections are fixed by σ ′ N w . From these remarks it follows that 0 = ξξ * ∈ L 1 ( P ⊗N, e , T r) is fixed by σ ′ N w , thus any spectral projection f of ξξ * corresponding to an interval of the form [c, ∞) is fixed by σ ′ N w . Moreover, T r(f ) < ∞ whenever c > 0, with f = 0 if c > 0 is sufficiently small. Also, since ϑ 0 is a left P ⊗N -module isomorphism, if p 0 ∈ P ⊗N ⊂P ⊗N is a projection satisfying p 0 b = p 0 , then p 0 ξ = ξ and thus p 0 f = f .
Let f = Σ i m i em * i , for some {m i } i ⊂ L 2 (P ⊗N, τ ) satisfying E N (m * i m j ) = δ ij p j ∈ P(N ), ∀i, j (see e.g. [P6] ). In other words, {m i } i is an orthonormal basis of H = f (L 2 (P ⊗N, τ ) ). We next show that by "cutting" f with an appropriate projection in Z(N ) ρ , we may assume {m i } i is a finite set.
Since
by applying φ to the first and last terms we get Adw g • σ ′ g (Σ i m i m * i ) = Σ i m i m * i , ∀g. Thus Σ i m i m * i is fixed by the action λ g = Adw g • σ ′ g of Γ on (P ⊗N, τ ). Also, λ leaves invariant the centers of P ⊗N and N (the latter because σ ′ leaves N invariant and Adw g commutes with Z(N ) ⊂ Z(P ⊗N ) = Z(N )⊗Z(N )). Thus, a = E Z(N) (Σ i m i m * i ) is fixed by λ and so are all its spectral projections. Let z be a spectral projection of a such that 0 = za < ∞.
Since Z(N ) ⊂ Z( P ⊗N, e ), z commutes with {m i } i , e and f . Thus, by replacing f with zf we may assume the orthonormal basis
, the latter being in fact the central trace Ctr on P ⊗N . Since Ctr(xy) = Ctr(yx), we get Ctr
where Ctr N denotes the central trace on N . Thus, by using the "cutting and gluing" procedures in (1.1.4 of [P6] ) we can choose the orhonormal basis m 1 , m 2 , ... such that the central supports z(p i ) of p i in N satisfy p i ≥ z(p i+1 ), ∀i. But this implies that the cardinality of the set {m 2 , m 3 , ...} is majorized by Σ i Ctr(p i ) < ∞, thus showing that it is a finite set.
Let t be the cardinality of the finite orthonormal basis {m i } i . Denote N t = M t×t (N ) = N ⊗ M t×t (C) and notice that by tensoring all inclusions N ⊂ P ⊗N ⊂ P ⊗N, e by M t×t (C) one gets the non-degenerate commuting squares of inclusions
with σ ′ N extending to an action σ ′ N t of Γ on P ⊗N t , e , which acts as ρ ⊗ id on
Note that f 0 is majorized by e in P ⊗N t , e , so there exists an element m ∈ L 2 (P ⊗N t ) such that f 0 = mem * . In particular, q = E N t (m * m) is a projection in N t = 1 P ⊗ N t
Since mem * = σ ′ N t w (g)(mem * ) = w g σ ′ g (m)eσ ′ g (m * )w * g , it follows that mN t = w g σ ′ g (m)N t , ∀g ∈ Γ. In particular, for each g ∈ Γ there exists w ′ g ∈ N t such that
showing that qw ′ g ρ g (q) are in the set U(qN t ρ g (q)) of partial isometries with left support equal to q and write support equal to ρ g (q). Thus, by replacing w ′ g by qw ′ g ρ(q) we may assume w ′ g ∈ U(qN t ρ g (q)), ∀g.
, we then get for all g, h ∈ Γ:
showing that w ′ gh = w ′ g ρ g (w ′ h ), i.e. w ′ is a local cocycle for ρ. Note that if one denotes by π 1 (resp. π 2 ) the representations of Γ into the unitary group of M = P ⊗N t ⋊Γ (resp. into the unitary group of qM q) given by π 1 (h) = w h u h , h ∈ Γ (resp. π 2 (g) = w ′ g u g , g ∈ Γ), then the relation w g σ g (m) = mw ′ g , ∀g, simply states that π 1 , π 2 are intertwined by m. This implies that the partial isometry v ∈ P ⊗N t in the polar decomposition of m intertwines these representations as well and that v * v commutes with π 2 (Γ). Thus, v * v belongs to the subalgebra of P ⊗N t fixed by the action σ g ⊗ (Ad(w ′ g ) • ρ g ), g ∈ Γ, which since σ g is weakly mixing follows equal to the fixed point algebra B 0 of the action Adw ′ g • ρ g of Γ on qN t q. On the other hand, since e 11 m = m it follows that v = e 11 v, implying that the
Also, v 1 = e 11 v 1 e 11 and v * 1 v 1 ∈ B and w ′ 1 (g) ∈ U(v * 1 v 1 N t ρ g (v * 1 v 1 )). This implies there exists a partial isometry v 0 ∈ N and a cocycle w ′ 0 : Γ → U(v * 0 v 0 N ρ g (v * 0 v 0 )) for ρ such that v 1 = v 0 e 11 and w ′ 1 (g) = w ′ 0 (g)e 11 , ∀g. But then, by the isomorphism N ≃ N e 11 , we clearly have v 0 w ′ 0 (g) = w g σ ′ g (v 0 ), ∀g. Finally, notice that by the definition of m and the fact that p 0 f = p 0 , we have p 0 m = p 0 , implying that v 0 v * 0 ≤ p 0 . This proves the first part of 3.2. To prove the last part, we use a maximality argument. Thus, denote by W the set of pairs (v, w ′ ) with v ∈ P ⊗N partial isometry satisfying v * v ∈ N = 1 ⊗ N and w ′ : Γ → U(v * vN ρ g (v * v)) a local cocycle for ρ such that vw ′ 0 (g) = w g σ ′ g (v), ∀g ∈ Γ. We endow W with the order: ≤) is clearly inductively ordered, so let (v 0 , w ′ 0 ) ∈ W be a maximal element. We want to prove that v 0 is a unitary element (automatically implying that w ′ 0 is a a cocycle for ρ). Assume v 0 is not a unitary element and let v = v 0 α 1 (v 0 ) * ∈P ⊗N . Since α 1 acts as the identity on N , it follows that vv * = v 0 v * 0 . Also, for g ∈ Γ we have
, where for the last equality we have used the fact that the cocycle relation w g σ ′ g (w g −1 ) = w e = 1 implies σ ′ g (w g −1 ) * = w g . Thus, since w and α 1 (w) are equivalent cocycles for the actionσ ′ , by 2.9 it follows that there exists a partial isometry v ′ ∈P ⊗N such that
The first part then implies there exists a non-zero partial isometry v 1 ∈ P ⊗N , with left support majorized by 1 − v 0 v * 0 and right support in N , such that
Thus, in the finite von Neumann algebraP ⊗N we have the equivalence of projections
Since the first and last projections lye in N and satisfy v * 1 v 1 ≺ 1 − v * 0 v 0 inP ⊗N , they satisfy the same relation in N (for instance, because the central trace of aP ⊗N is the tensor product of the central traces oñ P and N ). Thus, by multiplying v 1 to the right with a partial isometry in N that
, contradicting the maximality of (v 0 , w ′ 0 ).
Proposition.
Let σ be a weakly mixing action of the discrete group Γ on the standard probability space (X, µ). Let W ∈ U f in and V ⊂ W a closed subgroup. If a V-valued cocycle for σ can be untwisted as a W-valued cocycle then it can be untwisted as a V-valued cocycle. More generally, let ρ be another action of Γ on a standard probability space (Y, ν). If a V-valued cocycle w for the diagonal product action σ × ρ is equivalent to a W-valued cocycle for ρ then it is equivalent to V-valued cocycle for ρ.
Proof. Embed W as a closed subgroup of the unitary group of a separable finite von Neumann algebra (N, τ ). Let w : Γ → V X×Y be a V-valued 1-cocycle for σ and assume there exist a cocycle w ′ : Γ → W Y for ρ and a measurable map v : X × Y → W such that for each g ∈ Γ we have
By the approximation Lemma 2.2 applied to the measurable map X ∋ t → v(t, ·) ∈ W Y , there exists a decreasing sequence of subsets of positive measure X ⊃ X 1 ⊃ ... and an element u 0 ∈ W Y such that v(t) − u 0 2 ≤ 2 −n , ∀t ∈ X n , ∀n ≥ 1, where · 2 corresponds here to the Hilbert norm on L ∞ Y ⊗N given by τ ν ⊗ τ .
This shows that by replacing v, regarded as a function in t ∈ X, by v(t)u * 0 , t ∈ X, and w ′ (·, g) by u 0 w ′ (·, g)ρ(u * 0 ), g ∈ Γ, we may assume v ∈ W X×Y and w ′ ∈ Z 1 (ρ; W) satisfy both (3.5.1) and
(3.5.2) v(t) − 1 2 ≤ 2 −n , ∀t ∈ X n , ∀n ≥ 1, for some decreasing sequence of subsets of positive measure X n . We'll show that, together with the weak-mixing assumption, this entails v(t) ∈ V Y , ∀t ∈ X (a.e.) and
where v(t) = v(t, ·) and w ′ (g) = w ′ (·, g). Thus, let h n → ∞ in Γ be so that lim n µ(h n Z ∩ Z ′ ) = µ(Z)µ(Z ′ ), ∀Z, Z ′ ⊂ X measurable. Note that this implies that for any g, g ′ ∈ Γ the sequences {gh n g ′ } n , {gh −1 n g ′ } n satisfy the same condition.
Fix h ∈ Γ. For each m ≥ 1 let n m be so that
By applying (3.5.1) first for g = h n m and then for g = h n m h, if we denote w(t, g) = w(t, ·, g) ∈ V Y , this implies
showing that w ′ (h) can be approximated arbitrarily well with elements in V. Thus w ′ (h) ∈ V.
We still need to prove that v(t) ∈ V Y , ∀t ∈ X(a.e.). By using the approximation Lemma 2.2, it is clearly sufficient to prove that for any set Z ′ ⊂ X of positive measure and any ε > 0 there exists a subset of positive measure Z 0 ⊂ Z ′ such that d(v(t), V Y ) < ε, ∀t ∈ Z 0 . Let h n ∈ Γ be so that lim n µ(h n Z ∩ Z ′ ) = µ(Z)µ(Z ′ ), ∀Z, Z ′ ⊂ X measurable, as before. By (3.5.2) we can take m sufficiently large such that v(t)−1 2 ≤ ε, ∀t ∈ X m . Let n = n(m) be so that µ(h n X m ∩ Z ′ ) = 0 and denote Z 0 = h n X m ∩ Z ′ . If t 0 belongs to Z 0 then t = h −1 n t 0 ∈ X n so if we apply (3.5.1) to g = h −1 n we get the following identity in W Y :
as well
Proof of Theorem 3.1. Since V ∈ U f in , the group V is isomorphic to a closed subgroup of U(N ), for some separable II 1 factor N . By Proposition 3.2 it follows that, as cocycles for σ × ρ, w is equivalent to a U(N )-valued cocycle w ′ for ρ. But by Propositon 3.5, w is then equivalent in Z 1 (σ × ρ; V) to a cocycle lying in Z 1 (ρ; V).
3.6. Proposition. Let σ, ρ be actions of the discrete group Γ on finite von Neumann algebras (P, τ ), (N, τ ) and w a cocycle for σ ⊗ ρ. Let H ⊂ Γ be an infinite subgroup and assume w h ∈ U(N ), h ∈ H. Let H ′ denote set set of all g ∈ Γ for which w g ∈ N . Then we have:
If σ is weak mixing on Γ then two cocycles w 1 , w 2 : Γ → U(N ) for ρ are equivalent as cocycles for the diagonal product action σ ⊗ ρ if and only if they are equivalent as cocycles for ρ.
Proof. Part 1 • is trivial and 3 • follows from 2 • .
To prove 2 • we apply Lemma 2.10 to the action λ of H 0 = H ∩ gHg −1 on P ⊗N given by
To this end, let us note that if h 0 is an arbitrary element in H 0 and we denote h = g −1 h 0 g then h ∈ H and h 0 = ghg −1 . By using the cocycle relations for w we then get:
Thus, λ h 0 (w g N ) = w g N , ∀h 0 ∈ H 0 . Since the action λ of H 0 is weak mixing on P = P ⊗ 1 and leaves N = 1 ⊗ N globally invariant, by 2.10 it follows that w g ∈ 1 ⊗ N , i.e. g ∈ H ′ . 4 • . Assume there exists v ∈ U(P ⊗N ) such that v * w 1 (g)(σ g ⊗ ρ g )(v) = w 2 (g) for all g ∈ Γ. Thus, Adw 1 (g)((σ g ⊗ ρ g )(v)) = vw 2 (g)w 1 (g) * , where we have identified w i (g) with 1 ⊗ w i (g). This shows that λ g = Ad(1 ⊗ w 1 (g)) • (σ g ⊗ ρ g ) leaves invariant the space v(1 ⊗ N ). By 2.10 this implies v ∈ 1 ⊗ N . (4.1.1). ∃F 0 ⊂ Γ finite and ε 0 > 0 such that if π is a unitary representation of Γ on a Hilbert space H with a unit vector ξ ∈ H satisfying π g (ξ) − ξ ≤ ε 0 , ∀g ∈ F 0 , then ∃0 = ξ 0 ∈ H with π h (ξ 0 ) = ξ 0 , ∀h ∈ H.
Note that in case H = Γ, (4.1.1) amounts to the usual property (T) of Kazhdan for Γ ( [K] ). It is easy to see that if H = Γ, more generally if H is normal in Γ, then the fixed vector ξ 0 in (4.1.1) can be taken close to ξ. This fact was shown in ( [Jo] ) to hold true for arbitrary (not necessarily normal) inclusions H ⊂ Γ with the relative property (T). In turn, the characterization of the relative property (T) for H ⊂ Γ in ( [Jo] ) is easily seen to be equivalent to the following property, more suitable for us here:
(4.1.2). ∀ε > 0 there exist a finite subset F (ε) ⊂ Γ and δ(ε) > 0 such that if π : G → U(H) is a unitary representation of Γ on the Hilbert space H with a unit vector ξ ∈ H satisfying π(g)ξ − ξ < δ(ε), ∀g ∈ F (ε), then π h (ξ) − ξ < ε , ∀h ∈ H.
Lemma.
Let σ be an action of a discrete group Γ on a finite von Neumann algebra (Q, τ ). Assume H ⊂ Γ is a subgroup with the relative property (T). If w is a cocycle for σ, then for any ε > 0 there exists a neighborhood Ω of w in the set Z 1 (σ) of cocycles for σ such that ∀w ′ ∈ Ω ∃v ∈ Q partial isometry satisfying H on (Q, τ ) is ergodic, then the restriction to H of any cocycle in Ω is cohomologous to w |H (as cocycles for σ |H ).
Proof. With the notations in 4.1, let F = F (ε) and δ = δ(ε 2 /4). Let w ′ ∈ Z 1 (σ) be so that w g − w ′ g 2 ≤ δ, ∀g ∈ F . Let π be the representation of Γ on L 2 Q defined by π(g)(η) = w ′ g σ g (η)w * g , η ∈ L 2 Q, g ∈ Γ. Then we have
Thus, π h (1) −1 2 ≤ ε 2 /4. Letting ξ 0 ∈ L 2 Q be the element of minimal norm · 2 in K = co w {π h (1) | h ∈ H}, it follows that ξ 0 −1 2 ≤ ε 2 /4, ξ 0 ≤ 1 (thus ξ 0 ∈ Q) and w ′ h σ h (ξ 0 )ξ 0 w * h = ξ 0 , ∀h ∈ H. But then w ′ h σ h (ξ 0 ) = ξ 0 w h , ∀h ∈ H, so if v ∈ Q denotes the partial isometry in the polar decomposition of ξ 0 then w ′ h σ h (v) = vw h , ∀h ∈ H, and by ([C1]) we have v − 1 2 ≤ ε.
Thus, if we let Ω = {w ′ ∈ Z 1 (σ) | w ′ g − w g 2 ≤ δ, ∀g ∈ F }, then Ω satisfies the desired conditions. Now, since the relation w ′ h σ h (v) = vw h , ∀g ∈ H, implies that v * v is in the fixed point algebra of the action Adw h • σ h , h ∈ H, of H on Q, if the cocycle w is ergodic then v * v = 1 showing that w ′ ∼ w as cocycles for σ |H .
Definition.
Let σ be an action of a discrete group Γ on a standard probability space (X, µ). Denote by (A, τ ) = (L ∞ (X, µ) , ·dµ) the associated abelian von Neumann algebra and byσ : Γ → Aut(A⊗A, τ ⊗ τ ) the diagonal product action given byσ g = σ g ⊗ σ g , g ∈ Γ. The action σ is malleable if the flip automorphism α ′ ∈ Aut(A⊗A, τ ⊗ τ ), defined by α ′ (a 1 ⊗ a 2 ) = a 2 ⊗ a 1 , a 1 , a 2 ∈ A, is in the (path) connected component of the identity in the commutant ofσ(Γ) in Aut(A⊗A, τ ⊗ τ ).
The action σ is s-malleable if there exist a continuous action α : R → Aut(A⊗A, τ ⊗τ ) and a period 2 automorphism β ∈ Aut(A⊗A, τ ⊗ τ ) satisfying (4.3.1)
[α,σ] = 0, α 1 (A ⊗ 1) = 1 ⊗ A,
More generally, an action σ of Γ on a finite von Neumann algebra (P, τ ) is s-malleable if there exist a continuous action α : R → Aut(P ⊗P, τ ⊗ τ ) and a period 2 automorphism β ∈ Aut(P ⊗P, τ ⊗ τ ) such that if we denote byσ the diagonal product actioñ σ g = σ g ⊗ σ g of Γ on (P ⊗P, τ ⊗ τ ) then we have:
(4.3.1 ′ ). α commutes withσ and satisfies: τ (xα 1 (x)) = τ (x)τ (y), ∀x, y ∈ P ; sp w P α 1 (P ) = P ⊗P.
(4.3.2 ′ ). β commutes withσ and satisfies
Example.
Let (X 0 , µ 0 ) be a standard probability space. Let Γ be a countable discrete group and K a countable set on which Γ acts. Let (X, µ) = Π k (X 0 , µ 0 ) k be the standard probability space obtained as the product of identical copies (
We generically refer to such actions as generalized Bernoulli actions. In case K = G and G G is the left multiplication, we simply call σ the (X 0 , µ 0 )-Bernoulli Γ-action.
Note that if we denote (A 0 , τ 0 ) = (L ∞ X 0 , ·dµ 0 ), then the algebra (L ∞ X, ·dµ) coincides with ⊗ k (A 0 , τ 0 ), with the action implemented by σ on elements of the form ⊗ k a k ∈ ⊗ k (A 0 , τ 0 ) being given by σ g (⊗ k a k ) = ⊗ k a ′ k , a ′ k = a g −1 k , k ∈ K, g ∈ Γ. More generally, if (N 0 , τ 0 ) is a finite von Neumann algebra and we denote (N, τ ) = ⊗ k (N 0 , τ 0 ) k , then for each g ∈ Γ, ⊗ k a k ∈ N we let σ g (⊗ k a k ) = ⊗ k a ′ k , where a ′ k = a g −1 k , k ∈ K. Then σ is clearly an action of Γ on (N, τ ) which we call the (N 0 , τ 0 )-Bernoulli (Γ K)-action. It was shown in ( [P1] , [P2] ) that if N 0 is either abelian diffuse or a tensor product of 2 by 2 matrix algebras then any (N 0 , τ 0 )-Bernoulli Γ K action is s-malleable. We reprove these results below, for the sake of completeness. 4.5. Lemma. Let Γ be a countable discrete group acting on a countable set K. Let (N 0 , τ 0 ) be a finite von Neumann algebra and σ the
it has no non-zero minimal projections) and for all g = e there exists k ∈ K such that gk = k, or if (N 0 , τ 0 ) is arbitrary and for all g = e the set {k ∈ K | gk = k} is infinite, then σ is a free action.
2 • . σ is weakly mixing iff ∀K 0 ⊂ K ∃g ∈ Γ such that gK 0 ∩ K 0 = ∅ and iff any orbit of Γ K is infinite. Moreover, if any of these conditions is satisfied then σ is weakly mixing relative to any subalgebra of the form
If N 0 is either abelian diffuse or a finite factor of the form (N 0 , τ 0 ) = ⊗ l∈L (M 2×2 (C), tr) l , for some set of indices L, then σ is s-malleable.
Proof. 1 • , 3 • and the first part of 2 • are well known (and easy exercises!). To prove the last part of 2 • , let {η n | n ≥ 0} ⊂ L 2 (N 0 , τ 0 ) be an orthonormal basis over N 0 0 , in the sense of 1.4, with η 0 = 1. Denote by {ξ n } n ⊂ N the (countable) set of elements of the form ξ n = ⊗(η n k ) k , with n k ≥ 0 all but finitely many equal to 0, at least one being ≥ 1. It is immediate to see that {1} ∪ {ξ n } n is an orthonormal basis of L 2 N over N 0 that checks condition (2.2.1) with respect to the Bernoulli Γ K action σ. To prove 4 • , note first that N 0 abelian diffuse implies N 0 ≃ L ∞ (T, λ), with τ 0 corresponding to ·dµ. To construct α and β it is then sufficient to construct an action
Indeed, because then the product actions α t = ⊗ k (α 0 (t)) k , β = ⊗ k (β 0 ) k will clearly satisfy conditions 2.1.1, 2.1.2.
Since A 0 is diffuse, (A 0 , τ 0 ) ≃ (L ∞ (T, µ), ·dµ). Let u, v be Haar unitaries generating A 0 ⊗ 1 and 1 ⊗ A 0 . Then u, v is a pair of Haar unitaries for (Ã 0 ,τ 0 ) = (A 0 ⊗A 0 , τ 0 ⊗ τ 0 ), i.e. u, v generateÃ 0 andτ 0 (u n v m ) = 0 for all (n, m) = (0, 0), wherẽ τ 0 = τ 0 ⊗ τ 0 . Note that if u ′ , v ′Ã 0 is any other pair of Haar unitaries, then there exists a unique automorphism θ of (Ã 0 ,τ 0 ) that takes u to u ′ and v to v ′ , defined by θ(u n v m ) = (u ′ ) n (v ′ ) m , ∀n, m ∈ Z. Note also that if w ∈ U(Ã 0 ) belongs to an algebra which isτ 0 -independent of the algebra generated by u then wu is a Haar unitary.
With this in mind, let h be the unique selfadjoint element inÃ 0 with spectrum in [0, 2π] such that e ih = vu * . From the above remark it follows that both u ′ = e ith u and v ′ = e ith v are Haar unitaries inÃ 0 . Also, v ′ u ′ * = vu * so the von Neumann algebra generated by u ′ , v ′ contains h, thus it also contains u, v, showing that u ′ , v ′ generateÃ 0 , thus being a pair of Haar unitaries forÃ 0 . Thus, there exists a unique automorphism α 0 (t) ofÃ 0 such that α 0 (t)(u) = e ith u, α 0 (t)(v) = e ith v. By definition, we see that α 0 (t)(vu * ) = vu * , thus α 0 (t)(h) = h as well. But this implies that for all t, t ′ ∈ R we have
Further on, since u * , uv * is a Haar pair forÃ 0 , there exists a unique automorphism β 0 of (Ã 0 ,τ 0 ) such that β 0 (u) = u * , β 0 (vu * ) = vu * . By definition, β 0 satisfies β 2 0 (u) = u and β 2 0 (vu * ) = vu * , showing that β 2 0 = id. Finally, since β 0 (h) = h, we have α 0 (t)(β 0 (u)) = e −ith u * = β 0 (α 0 (−t)(u)). Similarly α 0 (t)(β 0 (v)) = β 0 (α 0 (−t)(v)), altogether showing that α 0 (t)β 0 = β 0 α 0 (−t). Thus, σ is s-malleable.
Assume now that N 0 is a tensor product of 2 by 2 matrix algebras. Consider first the case N 0 = M 2×2 (C). We let {e ij } i,j=1,2 be a matrix unit for N 0 . Define the unitaries α 0 (t) ∈ N 0 ⊗ N 0 by    1 0 0 0 0 cos πt/2 sin πt/2 0 0 − sin πt/2 cos πt/2 0 0 0 0 1
  
This clearly defines a continuous unitary representation of R. Then we define β 0 ∈ C ⊗ N 0 to be the unitary element:
An easy calculation shows that β 0 α 0 (t)β −1 0 = α 0 (−t) and that Ad(α 0 (1))(N 0 ⊗ C) ⊥ N 0 ⊗ 1. By taking tensor products of the above construction, this shows that if (N 0 , τ 0 ) = ⊗ l (M 2×2 (C), tr) l then there exists a continuous action α 0 : R → Aut(N 0 ⊗N 0 , τ 0 ⊗ τ 0 ) and a period 2-automorphism β 0 of N 0 such that α 0 (1)
4.6. Lemma. Let Γ be a countable discrete group and H ⊂ Γ a subgroup with the relative property (T). Let σ be a s-malleable action of Γ on the finite von Neumann algebra (P, τ ), withσ, α : R → Aut(P ⊗P, τ ⊗ τ ), β ∈ Aut(P ⊗P, τ ⊗ τ ) as in Definition 4.3. Let (N, τ ) be a finite von Neumann algebra and ρ and action of Γ on it. If w is a cocycle for the action σ g ⊗ ρ g of Γ on P ⊗N then w |H and α 1 (w) |H are equivalent as cocycles for the actionσ h ⊗ ρ h of H on P ⊗P ⊗N .
Proof. DenoteP = P ⊗P . We still denote by α, β the N -amplifications α ⊗ id N and β ⊗ id N . Also, denote σ ′ g = σ g ⊗ ρ g andσ ′ g =σ g ⊗ ρ g . Since α is a continuous action by automorphisms commuting withσ, α acts continuously on the set of cocycles w for the actionσ ′ of Γ onP ⊗N .
By Lemma 2.12, it is sufficient to prove that for any ε > 0 there exists v 1 ∈P ⊗N partial isometry such that v 1 − 1 2 ≤ ε and w hσ
To construct such v 1 , note first that by Lemma 4.2 for the given ε > 0 there exists n such that if we denote t 0 = 2 −n then there exists a partial isometry v 0 ∈P ⊗N
Let us now show that if (4.6.1)
for some 0 < t < 1 and a partial isometry v ∈P ⊗N , then there exists a partial
This will of course prove the existence of v 1 , by starting with t = t 0 = 2 −n then proceeding by induction until we reach t = 1 (after n steps).
Applying β to (4.6.1) and using that β commutes withσ ′ , β(x) = x, ∀x ∈ P ⊗N ⊂ P ⊗N and βα t = α −t β as automorphisms onP ⊗N , we get β(w h ) = w h and (4.6.2)
Since (4.6.1) can be read as v * w h = α t (w h )σ ′ h (v * ), from (4.6.1) and (4.6.2) we get the identity
for all h ∈ H. By applying α t on both sides of this equality, if we denote
On the other hand, the intertwining relation (4.6.1) implies that vv * is in the fixed point algebra B of the action Adw h •σ ′ h of H onP ⊗N . Sinceσ ′ |H is weak mixing on (1 ⊗ P ) ⊗ 1 ⊂P ⊗N (because it coincides with σ on 1 P ⊗P ⊗1 N ≃ P ) and because Adw h acts as the identity on (1 ⊗ P ) ⊗ 1 and leaves (P ⊗ 1)⊗N globally invariant, it follows that B is contained in (P ⊗ 1)⊗N . Thus β acts as the identity on it (because it acts as the identity on both P ⊗ 1 and 1 ⊗ N ). In particular β(vv * ) = vv * , showing that the right support of β(v * ) equals the left support of v. Thus, β(v * )v is a partial isometry having the same right support as v, implying that v ′ is a partial isometry with v ′ 2 = v 2 .
Cocycle and OE superrigidity results

5.1.
Definitions. An infinite subgroup H of a group Γ is w-normal (resp. wq-normal) in Γ if there exists an ordinal ı and a well ordered family of intermediate subgroups All statements in this Section will be about inclusions of countable infinite groups H ⊂ Γ with the relative property (T) such that H is either wq-normal or w-normal in Γ.
Any lattice Γ in a Lie group of real rank at least 2, such as SL(n, Z), n ≥ 3, has property (T), so H = Γ ⊂ Γ is rigid. The normal inclusions of groups Z 2 ⊂ Γ = Γ 0 ⋉ Z 2 , with Γ 0 ⊂ SL(2, Z) non amenable, are rigid (cf. [K] , [M] , [Bu] ), and so are all inclusions Z n ⊂ Γ = Γ 0 ⋉ Z n in ( [Va] , [Fe] ). For each such H ⊂ Γ, the inclusion H ⊂ Γ ′ = Γ × H ′ is w-normal rigid, for any group H ′ . Also, if H ⊂ Γ is wq-normal rigid then H ⊂ (Γ * H 0 ) × H 1 is wq-normal rigid whenever H 1 is an infinite group, H 0 arbitrary, but it can be shown that if H 0 is non-trivial then (Γ * H 0 ) × H 1 has no w-normal rigid subgroups.
Theorem.
Let σ be a s-malleable action of a countable discrete group Γ on the standard probability space (X, µ). Let H ⊂ Γ be a rigid subgroup such that σ |H is weak mixing. Let V ∈ U f in .
If ρ is an arbitrary action of Γ on a standard probability space (Y, ν), then any Vvalued cocycle w for the diagonal product action
implements an isomorphism between the sets of equivalence classes Z 1 (ρ; V)/ ∼ and Z 1 (σ × ρ; V)/ ∼ .
In particular, any cocycle w for σ with values in V is cohomologous to a cocycle w ′ which restricted to H is a group morphism of H into V and if H is w-normal in Γ, or if H is wq-normal in Γ but σ |H is mixing, then Z 1 (σ; V) = Z 1 0 (σ; V). Proof. By Proposition 3.5, it is sufficient to consider the case V = U(N 0 ), with N 0 a separable finite von Neumann algebra. But for V = U(N 0 ) and σ s-malleable, the statement is a particular case of the following more general: 5.3. Theorem. Let σ be a s-malleable action of a countable discrete group Γ on a finite von Neumann algebra (P, τ ). Let H ⊂ Γ be a rigid subgroup such that σ |H is weak mixing. Let (N, τ ) be an arbitrary finite von Neumann algebra and ρ an action of Γ on (N, τ ). Then any cocycle w for the diagonal product action σ ⊗ ρ of Γ on P ⊗N is equivalent to a cocycle w ′ whose restriction to H takes values in
Letσ : Γ → Aut(P ,τ ) denote the double actioñ σ g = σ g ⊗ σ g of Γ onP = P ⊗P and α : R → Aut(P ,τ ), β ∈ Aut(P ,τ ) as in Definition 4.3. By Lemma 4.6, w |H ∼ α 1 (w) |H as cocycles forσ h ⊗ ρ h , h ∈ H. But then Proposition 3.2 implies w |H is equivalent to a cocycle w ′ with w ′ h ∈ U(N ), ∀h ∈ H. More generally, if ρ is an arbitrary action of Γ on a standard probability space (Y, ν) and w is a cocycle for the diagonal product action σ g × ρ g , g ∈ Γ, on (X × Y, µ × ν), then any V-valued cocycle w for σ × ρ is cohomologous to a V-valued cocycle w ′ whose restriction to H is independent on the X-variable, i.e. to a cocycle for ρ |H . Moreover, if H is w-normal in Γ, or if H is wq-normal but {h ∈ H | hk = k} finite, ∀k ∈ K, then w ′ follows independent on the X-variable on all Γ.
We'll now use the above Cocycle Superrigidity to deduce two superrigidity results for orbit equivalence relations. In each of the two cases we will make the following assumption on the "source" action (σ, Γ) on the standard probability space (X, µ): 5.6. Assumption. (a). Γ is wq-rigid and has no finite non-trivial normal subgroups.
(b) σ is free and, as an action on L ∞ X, it admits an extension to a s-malleable action (σ ′ , Γ) on a larger abelian von Neumann algebra (A ′ , τ ′ ) such that σ ′ |H is weak mixing on A ′ and weak mixing relative to L ∞ X ⊂ A ′ for some infinite rigid subgroup H ⊂ Γ, and such that either H is w-normal in Γ or H is merely wq-normal in Γ but σ |H is mixing.
Note that torsion free groups and infinite conjugacy class (ICC) groups have no finite normal subgroups other than {e}. Examples of (σ, Γ) satisfying 5.6 are all (X 0 , µ 0 )-Bernoulli Γ K actions of wq-rigid groups Γ with the property that Γ K satisfies 4.5.1 • and H K checks 4.5.2 • for some rigid w-normal subgroup H ⊂ Γ, or it checks 4.5.3 • for some rigid wq-normal H ⊂ Γ.
Given a free action σ of a countable discrete group Γ on a standard probability space (X, µ), we denote by R σ the equivalence relation implemented on X by the orbits of σ, i.e. t, t ′ ∈ X are equivalent if Γt = Γt ′ ( [Dy] , [FM] ). If X 0 ⊂ Y is a measurable subset then we denote by R X 0 σ the equivalence relation on X 0 given by the intersection of the orbits of σ and the set X 0 : t, t ′ ∈ X 0 are equivalent if Γt ∩ X 0 = Γt ′ ∩ X 0 . If θ is another free action of a group Λ on a standard probability space (Y, ν) and Y 0 ⊂ Y , an isomorphism of equivalence relations ∆ : R X 0 σ ≃ R Y 0 θ is an isomorphism of probability spaces ∆ : (X 0 , µ X 0 ) ≃ (Y 0 , ν Y 0 ) satisfying ∆(R X 0 σ ) = R Y 0 θ , where µ X 0 (resp. ν Y 0 ) denotes the probability measure on X 0 (resp. Y 0 ) given by the renormalization of µ |X 0 (resp. of ν |Y 0 ).
If σ is free and ergodic then it is easy to see that R X 0 σ only depends on t = µ(X 0 ), up to isomorphism of equivalence relations. More generally, let t > 0 then choose n ≥ t an integer and denote byσ the action of Γ × (Z/nZ) onX = X × Z/nZ given by the product of σ and the left translations by elements in Z/nZ. Let X 0 ⊂X be a subset of measure t/n. It is easy to see that, up to isomorphism of equivalence relations, R X 0 σ only depends on t (not on the choice of n and X 0 ). We denote the isomorphism class of R X 0 σ by R t σ and call it the amplification of R σ by t. The first OE application gives a sharp generalization of the OE Superrigidity result in (7.7 of [P3]): 5.7. Theorem (OE superrigidity). Let σ : Γ → Aut(X, µ) be an action satisfying assumption 5.6. Let θ be an arbitrary free ergodic measure preserving action of a countable discrete group Λ on a standard probability space (Y, ν).
If ∆ : R σ ≃ R t θ , for some t > 0, then t = 1/n and there exist a subgroup Λ 0 ⊂ Λ of index [Λ : Λ 0 ] = n, a subset Y 0 ⊂ Y of measure ν(Y 0 ) = 1/n fixed by θ |Λ 0 , an inner automorphism α ∈ Inn(R θ ) and a group isomorphism δ : Γ ≃ Λ 0 such that α • ∆ takes X onto Y 0 and conjugates the actions σ, θ 0 • δ, where θ 0 denotes the action of Λ 0 on Y 0 implemented by θ.
The second OE application is a superrigidity result for embeddings of equivalence relations, similar to (7.8 in [P3] ) but with slightly different assumptions: 5.8. Theorem (Superrigidity of embeddings). Let σ : Γ → Aut(X, µ) be an action satisfying assumption 5.6. Let θ be an arbitrary free measure preserving action of a countable discrete group Λ on a standard probability space (Y, ν) such that θ is ergodic on any subgroup isomorphic to Γ. (Note that this condition is automatically fulfilled if θ is mixing.)
If ∆ : (X, µ) ≃ (Y 0 , ν Y 0 ) satisfies ∆(R σ ) ⊂ R Y 0 θ for some subset Y 0 ⊂ Y then Y 0 = Y and there exists an isomorphism δ of Γ onto a subgroup Λ 0 of Λ and an inner automorphism α ∈ Inn(R θ ) such that α • ∆ conjugates the actions σ, θ |Λ 0 • δ.
One can easily deduce both results from the Cocycle Superrigidity Theorem 5.2, by using considerations in Furman's papers ( [Fu1, 2] ). We include a full proof though, for the reader's convenience, and we will formalize it in the functional analytical framework of von Neumann algebras because we feel it brings in an interesting new look at this argument.
We begin with some considerations which apply to the proofs of both 5.7 and 5.8. We assume σ and θ are as in 5.7 but that ∆ is merely an embedding ∆(R σ ) ⊂ R t θ , with t ≤ 1, as in 5.8. We identify X with a subset of Y of measure t, via ∆, and assume R σ ⊂ R X θ . Let w : X × Γ → Λ be the Λ-valued cocycle associated with this embedding, as defined by Zimmer: For given t ∈ X, g ∈ Γ, w(t, g) is the unique h ∈ Λ such that σ g −1 (t) = θ h −1 (t). In other words, if for each g ∈ Γ we denote by {X g h } h the partition of X into measurable subsets such that w(t, g) = h, ∀t ∈ X g h , then X g h is the (maximal) subset of X on which σ g −1 coincides with θ h −1 as maps from X into Y ⊃ X. In other words, if we view σ, θ as actions on the function space, then x g h is the maximal subset of X for which χ X g h σ g (x) = χ X g h θ h (x), ∀x ∈ L ∞ X. By Corollary 5.5 there exists a group morphism δ : Γ → Λ and a measurable map v : X → Λ such that for each g ∈ Γ we have v(t) −1 w(t, g)v(g −1 t) = δ(g), ∀t ∈ X (a.e.). Let {Y h } h be the partition of X into measurable subsets such that v(t) = h for t ∈ Y h , h ∈ Λ.
We now re-write all this in von Neumann algebra framework, by using the "dictionary" in Section 2. Thus, we view Λ as the (discrete) group of canonical unitaries {v 0 h | h ∈ Λ} of the group von Neumann algebra LΛ associated with Λ and w g = w(·, g) ∈ Λ X ⊂ L ∞ X⊗LΛ. Consequently, if we denote p g
Note that if we denote p = χ X then Σ h p g h = p, ∀g ∈ Γ, and Σ h q h = p. If we still denote by σ the action of Γ on L ∞ X⊗LΓ given by σ g ⊗ id, g ∈ Γ, then the cocycle relation for w becomes w g 1 σ g 1 (w g 2 ) = w g 1 g 2 , ∀g 1 , g 2 ∈ Γ. Also, the equivalence of w, δ given by v becomes w g σ g (v) = v(1 ⊗ v 0 δ(g) ), g ∈ Γ, which in turn translates into the identities: (5.9.0) Σ h p g h σ g (q h −1 k ) = q kδ(g) −1 , ∀k ∈ Λ, g ∈ Γ.
On the other hand, the inclusions X ⊂ Y , R σ ⊂ R X θ entail an inclusion of the corresponding group measure space (or crossed product) factors: If we take M = B⋊ θ Λ to be the "main" group measure space decomposition, with {v g | g ∈ Γ} the canonical unitaries implementing θ on B = L ∞ Y ⊃ L ∞ X = A, then the definition of the cocycle w g = Σ h p g h ⊗ v 0 h shows that the unitaries {u g | g ∈ Γ} ⊂ M implementing the action σ on A = Bp are of the form u g = Σ h p g h v h , g ∈ Γ. 5.9. Lemma. Let b ∈ L 2 M be defined by b = Σ h q h v h . The set of conditions (5.9.0) is equivalent to the intertwining relation in M :
(5.9.1) u g b = bv δ(g) , g ∈ Γ.
Thus, bb * commutes with {u g | g ∈ Γ} and b * b commutes with {v δ(g) | g ∈ Γ}. Also, if u ∈ M is the partial isometry in the polar decomposition of b then u g u = uv δ(g) , ∀g ∈ Γ, and δ follows injective.
Proof. By using the definitions and the fact that p g h θ h (x) = p g h σ g (x), ∀x ∈ A, we get in M the equalities (5.9.2)
)v k , and also (5.9.3) bv δ(g) = Σ k q kδ(g) −1 v k .
Thus, equations (5.9.3) hold true if and only if we have the identities (5.9.4) Σ h p g h σ g (q h −1 k ) = q kδ(g) −1 , ∀k ∈ Λ, g ∈ Γ,
which are exactly the same as conditions (5.9.0). The commutation relations are trivial. To see that δ is injective note that for each g ∈ ker(δ) ⊳ Γ we have u g u = uv e = u, hence u g uu * = uu * as well. This shows that the left regular representation of ker(δ) contains the trivial representation of ker(δ), implying that ker(δ) is finite (see e.g. [D] ), thus ker(δ) = {e} by the hypothesis.
Proof of Theorem 5.8. If b * b = Σ h a h v h is the Fourier expansion of b * b in M = L ∞ Y ⋊ θ Λ, then a e = Σ h θ −1 h (q h ). Since [b * b, v δ(g) ] = 0, ∀g ∈ Λ, it follows that [a e , v δ(g) ] = 0, ∀g ∈ Λ, or equivalently θ δ(g) (a e ) = a e , ∀g ∈ Γ. But by Lemma 5.9 and the assumptions in 5.8 the restriction of θ to the subgroup δ(Γ) ⊂ Λ is ergodic. Hence, Σ h θ −1 h (q h ) = a e = 1. In particular, t = τ (Σ h q h ) = Σ h τ (θ −1 h (q h )) = 1. Moreover, b follows a unitary element in the normalizer of A = B in M . But then α = Adb * and Λ 0 = δ(Γ) satisfy all required conditions. Proof of Theorem 5.7. Let m be the smallest integer ≥ 1 such that m ≥ t. Let Λ = Λ × (Z/mZ) and denote byθ the action ofΛ onỸ = Y × (Z/mZ) given by the product of the actions θ and the translations by elements in Z/mZ. Thus, we may regard R σ = R t θ as R Y 0 θ , for some subset Y 0 ⊂Ỹ of measure t/m which is identified
